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SUMMARY 

Turbulent and precipitation conditions in the real atmosphere are 

considered in their effect on the line-of-sight propagation of electromagnetic 

waves.    It is found that tropospheric scattering and phase scintillation 

mechanisms place an interesting limit on the accuracy with which one may 

determine the angular position of a distant radiator.    Superposition of the 

same perturbed signals gives rise to waveform distortion in communication 

systems.    Theoretical expressions for angular power distributions and phase 

error spectra are derived from phenomenological atmospheric models.    Ray 

bending by cloud formations and rainstorms is also computed for representative 

weather conditions. 
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I.      NTROD'JCTiQN 

The present tepor» summarizea th»* re«u>s of an investigat on   n.t:a»ed 

to answer  tbl simp!e q.esMon      "With what precison  can one propaga'r m.rro- 

wave electromagnetic energy ^-'ong a  Hne-of-sigHt path in the re^I -; »mosp^ere'>" 

Such  a qaestion arises natur^IJy if one asks for  the ult mate accuracy of radio 

'ocation measurements or ultra-high speed comrrvinjcation techniques.    One 

far   .maü u** a variety of scatter ;.ng and pha se s> ;fting mechanisms wh.ch 

m;g^f operate ITI the atmosp'i-re to produce angle of arnvrii problems    mu'ti- 

path propagat on modes,   signal phase  scintillation,  ar.d hroadening of 

r. r ejved energy p^t^-rns 

This study was fortunate ;n that considrrahle attention has recently 

been focused on t^e atmosphere in connection with beyond-Üne-of-sight 

(scatter* communication systems      A theory of turbulence scattering has beer 

proposed to account for observed propagation anomolies.     There has 

subsequert'y been initiated a thoroughgoing examination of the atmospbcre 

and its variations.    In addition to the usual meteorologjcal disturbances 

(snow,   rain,   clouds,   and dust),   an atmospheric fine structure extending from 

the very surface of the earth to ionospheric heights has thereby been uncovered. 

This structure is measured as time and space varying  concentrations of index 

of refraction in the troposphere and fr"e electron densities in the ionosphere. 

1)H.   G.  Booker and W.   E.  Gordon.  Proc.   I.R.E..  4K   284 (1950) 
<2)C.   L.  Pekens.   Proc.   I  RE.      35.   453(1947). 
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TKe present study has exploited pv eromenologjcal models for turbulence 

and prer   pillion scattering whick have beer, fitted to such experiments.     Effects 

of clouds aid elevated layers are computed from est.mated departures of the 

index of refraction from its median values.    In general,   no attempt las been 

made to determine t^e effects of signal attenuation   *  ducting or un form 

borironia1  'avers.    T^e essential output of the following calculation is   {1 • RMS 

phase error and scintillation spectra for   single rays and for linear  superposi- 

tion of multipath signals,  and (2) angle of arrival variations for single rays 

and angular distributions for the scattered energv      No account is taken in 

this report of the stratified nature of the atmosphere, only deviations from 

the mean are considered.    These results are computed for one receiving 

antenna only,   so that in order to predict performance limits,   one must employ 

the character-sties of the partic ilar  system contemplated.    Thi* study 

indicates two points rather clearly:    (1) the atmosphere can be a limiting 

factor in very accurate radio location schemes    and  (2^ attendent phase 

vanat.ons  imply a real distortion limit for ultra-high speed communication 

systems. 

II.    TROPOSPHERIC TURBULENCE 

The troposphere is in continuous turbulent motion,   and is therefore 

neither uniformly stratified nor bomogeneouslv mixed.    At a given instant 

there are  both horizontal and vertical fluctuations in the temperatur^, 

pressure,   and humiditv about their respective means.    One may think of 

Except insofar as this is necessary to secure  convergence (and thus proper 
physical description) for wide-angle acceptance receiving antennae. 
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these mlrrometeorolo^.cal disturbances as a turbulent boundary layer 

phenomenon associated  with motion of the winds over  the earth's rough 

surface.    A deM \ H eddy dec«y scheme has beer, suggested which  imagines 

these lar^p scale wmH-produced turbulence clusters to subdivide until tht .r 

size and erer gv are eventually absorbed in mole^ ular friction. *    We 

shdl   \..**v our development on a purely phenomenological description of these 

tropospheric var ations.     The statistical propertr.es of the troposphere's 

dielectric  (onstant    a-d rence its index of refract.on    are given by the 

norrm'  Md space correlat.on function 

^«♦(rj) Ae(r2) 

e(r) *S 

P(r12)r    ^  (2   1) 

/ 

where fj , is the vector distance between points (1) and (2>.     £.e is the 

var »at.on ol the dielectric constant about .ts mean      This function definet. 

the  (norma.'ized» cross correlation between simultaneous records of 

dielectric   constan» taken at »wo points a distance r apar».     The atmosphere 

•s aasumeo to be isotrop.c and homogeneous,   so that c(r   ) is a function 

neither of the direction nor the end points of r   . 

(5) '6) Limited tests tend to support the exponential correlation 

7T5  K    Y.   Villars and V.F.   Weisskopf,   Phys.   Rev.     94,   232(1954).   They have 
given a fuiler theory of turbulence scattering basTci on the Navier-Stokes 
equation     Their paper also contains refe'rences to the previous work of 
Heisenberg    Batc^e'.or,   and others. 
(4'P.B    MacCreidy,   Jr.,   Jour,   of Meteor.,   H),   434(1953). 
(5) x   '.T.R    Gerhardt.  CM.   Cram,   and H.W.Smith     Tour    of Meteorology.   9, 
299 (1952) 
(6)G.   Birnbaum,  Phys.  Rov.    82    110(1951) 
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0{T12) = e (22) 

where ^   is a meature of the «cale of the turbulence, o 

Detailed measurements have shown that the Isotropie assumption is 

not strictly true, the scale length-/   differs in horizontal and vertical 

directions,   at least near the ground.    Direct measurement       has also shown 

»hat this scale increases somewhat with altitude.     Variations in the measure- 

ments of scale length with location       and tme of day a: ? so large that it was 

not considered worthwhile to use anything more sophisticated than Equat.on 

(2.2><8>. 

Using Eq. (2.2),   Booker and Gordon        have shown that the power 

scattered per unit solid angle,  per unit incident power density, and per unit 

volume is given by 

<r 
o[9.x) 

A« ZrrS. 
*in2(%) 

(2.3) 

1  + 

\  denotes the wavelength of the incident radiation and  "jL   is the angle between 

the incident electric field vector and the direction of scattering.    9 is the 

angle included between the direction of incidence and scattering as shown in 

Fig. 1. 

'CM.Grain.   A. W. Straiton,   andC.E.   VonRosenberg,   Trans.  I.R.E.,   Vol. 
AP-1.  No.  2.   October.   1953. 
(   'C.L.Staras,   Jour.  Appl.  Phys. ,   23.   1152 (1952),   has investigated the 
effect of other assumptions for p(r) on scattering phenomena. 
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Coordinates for Turbulence Scattering of 
Vertically Incident Radiation 
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Multipath Propagation by Scattering 
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A.    Scattered Wave 

We  shall consider first the energy scattered into a single an enna by 

off-axis turbulence clusters.    The situation is pictured in Fig.   (2) where the 

multipath propagation mode is clearly exhibited.    The scattered waves give 

rise to an angular  distribution of received power about the antenna's pointing 

axis,   as indicated.     The ratio of the power  received by the antenna alonp, the 

multipath (R f r) to that incident along the line-of-sight (R   ) for a scattering 

volume dv is 

dP       R2a(e,0) 
—1 = _2 dv (2.4) 

P R2  •   r2 

o 

where cr denotes the scattering cross  section per  unit volume per unit solid 

angle.    One may set R    = R for reasonably ( <^40) narrow beams and long 

range  ^lOOOrn) transmission. 

P r2 

o 

Ths path difference between the direct and multipath ray is simply 

x = R + r - R    . (2. 5) o 

If one integrates (2.4a) over all volume elements satisfying this condition, 

the result may be interpreted as a "differential path difference power 

density. " dP   = Q(x)dx .     The ratio of the scattered-to-direct power received 

with path difference x is thus 

QW = rdvfÜ«J>L&(xtR    .R.r, . (2.6) 
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where 6(z) is tHe famihar Dirac delta function. 

(U   Phase Delay 

Equation (2.6X. may now be app'.ed to predict an RMS phase error .n a 

sinusoidal voltage at the receiving antenna.    The anomolois propagation 

produces a linear  superposition of  scattered (and thus delayed) sinusoidal 

signals,  as pictured in Fig. (3a).     The resultant phase error  (a) so produced 

mav he inferred from the vector voltage diagräm of Fig. (3b).    The lag angle 

between the primary vo'tage E    (assumed for the moment to be of constant 

phase' and scattered voltage E(x) is 6 = 2irx/\ .    The desired phasf error a 

is computed as. 

-s 00 E2(x 1   J 
s:n   / dx 

E2 

o 

oo C w,    Q(x) 2   /ZTTXN 
K       dx     x   ' sin 
Jo P 

(1.7) 

in the approxmat.on    E.x)   <<^E   .     Introducing Eq. (Z. 6),   the mean squared 

error becomes: 

oo r ~ z /Zitxxr,   cT(e ^^ . 
= \        dx sm   [   K dv - 

^ 
x + R     - R  - r 

o (28) 

The primed vo'ume integration restricts that process to the admittance angle 

(i.e.,  beamwirit)) of the receiving antenna      T^is step is a crucial one,   since 

widening t' -«t angle indefinitely would only serve to include all scattering 

elements within sight,   <\nd so produce a d.vergent answer.    The spherical 

shape of the earth and limited (height) extent of the turbulence reduces such 

an accumulation in actual experiments.    One must also consider the 
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Superposition of MuJtipath Signals 
(a) Principal  Wave Plus Delayed-Scattered Signals 

(b) Vector Voltage Diagram 
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attenuation of the scattered waves for * complete treatmen».     We shall avo.d 

such co.is derations by explo.t.ng the charac ter iBtcal! v smal.' beamwidths 

of radar rece.vers as a na'ural cut-off. 

To compute t^e integrals appear.ng La Eq   '2   8),   we erect a spherical 

coordinate system on Oe  receiving antenna's po ^.'.ng direction,   as  shown in 

Fig. 2.    If ß is the antenna beamwidth and  L *>•■ transmission range through 

the troposphere 

%L ß ^2n 
dx 8.n''[ -^-^ \\    dr   [ 

(2.9) 

/iS     r00 
dx B.nZf — \^   dr J*   do sinG J*     ^0 a'e ^MJ x  - r(l   - cosÖl 

We must now expres« a'ö   0V Ifl terms of 0 and c 

ImJ   3 - 

io'1^\x/L 
(j(ö *' 

4      ANO 

/2TTe\2 
1 + 2   ( 2.)    ('   - cosS) 

(2.10) 

The definition of the d.electric constant in terms of the index of refraction 

(i.e.,   e = n  ) and the N-umt notation, ^N =  (n  -   1,10    are here utilized     All 

but one of the integrations in Eq   (2. 9) may be performed analytically if one 

disregards altitude variations in/   and AN    —a procedure which is 

certainly consistent w.tw our other approximations 

-12 <a^>   ^(AN^IO-1 ^ IUdu 
1   - sin(u)> 

u 
(2.11) 

2«/ 
1 « u 

I L 

where 
U = fik (l  - cosß) 
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/Q2\ 
The rauo   —J8  S—   i« plotted m Fig. (4) as a funct.on of Z-n£ I \  for various 

L/y0. 

(2)   Angular  D str  \ at;on 

The angular distr.bution of scattered power about the receiving 

antenna's pointing direction may be extracted from Eq   (2   6) by integrating 

over all path differences x.    Again using an antenna-centered spherical 

coordinate system 

2> 
^*{ -•       Q^' S dx 

o 

J        d(cose»j     drj      ü*a^^ 
cosß o o 

(2. 12) 

where cy(6  0) is given by Eq. (2. 10).     The angular  power distribution is 

recognized as the d(co80; .ntegrand in Eq. (2. 12),   so that 

1 dP 2L        2TTf\ 

P    d(co88>       ^      V   X 
*> •o-'2 

1  I cos   (9) 

1  « 2( ^     (1   -  cos9) 

^S 

2 

. 

(2. 13) 

where constancy of the scattering parameters,  t   and v^N"   ' .   over the 

transmission path has again been assumed.    The distribution,   Eq.(2   13V   is 

plotted in Fig. '5» as a function of 6 for various lit P l\ .    In the region 

0 \9\    ~ 10     ,   the denominator is sensibly unity and the density equals 
Zn!o 
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2TT,o   1 
2 ■ i    j   .    For larger angles,   it fall» off rapdlv.   reaching 1/4 at right 

angles to the beam. 

The result    Eq.(2. 13x,   may be further  refined by including the effect 

of attenuation ol the scattered signals in reaching tve antenna from the 

(9) various volume elements.     LaOrone,   Benson,   and Straiton       have computed 

the energy wHch is removed from a beam per mile with the same theory of 

tropospVeric turbulence scattering used here.     Their result is 

'ZirA 

mile \\/X       / \\ / 
(2. 14^ 

In evaluating Eq. (2. 12) one should thus include a range-dependent absorption 

factoi 

2, 

<lhil 1 L 2TT 

^   C        d(cose)   C   dr   f     d0 
cosß 

- r 

ate ^) e 

700 
4" ^ , ,    / 2TT<' 

x \ x 
(215) 

The attenuation effect is almost completely negligible  in this case,   since 

forward scattering is so favored by the cross section.   Eq. (2. 3). 

B.     The Direct Wave 

The preceding discussion was concerned only with the scattered wave. 

As in any scattering problem,   the resulting field at a point in space is com- 

posed of both the direct and t cattered wave.    In the present instance,   however 

the direct wave cannot be written as a simple sinusoidal plane wave since it 

has traversed a reg on of random and variable delay. 

T^T Jour.   Appl.   Physics,   22,   672 (1951), 
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(1)   Phase Delay 

To compute the phase delav  suffered in traversing a length L of 

turbuience,   we IIMUI write the received electric field (ER) in exponential 

(10) form. 

ER i E_ exp i2wf ^ d/ 
v o        e 

(216) 

E-, is the transmitted field strength and f the frequency.     The velocity of 

propagation (v ) depends on the dielectric constant and so is a function of 

position aiong the path.    If we separate a random portion from the dielectric 

constant,   e = e    ♦   At? .   we can rewrite Eq. (2. 16) a«, 

R = E-, exp : — L + -    I    dx 5—- 
\ \    o • 

o     J 

(2. 17, 

The random part of the phase angle is representrd by the exponent's second 

term.    Calling this a and taking the mean square, 

(2.18) 
\C     o o 

o 

The integrand is just 

one has 

Ae 
/  pCi -   O ^y our <:le^inition Eq. (2. 1),  so that 

^> <^>.  Myi^ s d/i J A,z "• -(/. ■ V^l • 
x2 o o L J 

(continued on following pag«*» 

[TUT 
See also J.  Feinstein.   Trans.   I.R.E..   PGAP,   Vol    AP-2,   63(1954). 
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8n2/2 /AN^   10"12   ,    L 
 0 \.      j  (2. 19) 

for  »he mean square pha^e deviation of the direit wave. 

To determine »^e tinne spectrum for th;8 turbulence    consider a mass 

of turbulent air  movng with an average velocity v      Take a set of coordinates 

also moving w tK t'ie m^ss'..e.,   at speed v).     Measurements of fluctuations 

in ths moving svstem wiH give data from which the time spectrum ran be 

calculated.    I!.'.fortunately    such data are not ava )able and m the r absence 

an approximate treatment must be used.    In the following we shall ra'culate 

the time spectrum produced by a line-of-sight   rotating through a turbulent 

air mass containing variations which are not changing in time relative to one 

another.     This is equ.valent t) assuming that the line-of - sight moves through 

a characteristic length J    in a time short compared to the time of significant 

change in the turbulence pattern.     In Part IV we shall consider the analogous 

probiem of the hne-of-sight moving parallel to itse'f      That this procedure 

will yield useful results .8 suggested by some experiments performed by 

Straiton and Smith. 

A rotating line-of-sight  sweeps through an angle 6 = T0 in time T, 

where H is the angular rate.     (See Fig. 6.)   Defining a as before,   one can write 

v     W         L              L2            /Ae*(x1,yI) A*(x2)y2)\ 
^(tMt + TK —   f     d'i/     d^—^ ■  ^ (I. 10) 

mr A.   W.   Straiton and H.   W.   Smith.   Proc   I.R.E.,   38.   825(1950) 
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where the first integral is taken along path £  at t:me t    and the second along 

line f^ at T seconds later.    Using Eq.'2.2) and measuring distance along the 

line-of-sigM from the origin,  £q.(2.20) can be written 

<;(,)«(. ♦ r)> . 4.VAN3>   I0-UJL
I d ^ JL2 d^ 

exp -*J A ^2 2-^-/, cos9 (2   21) 

It is convenient to assume that L.   ='1-2»   (i'e-.   that the path is long compared 

to any charges in length;;   so that Eq. \1   21) can be changed to polar coordinates 

and integrated once to vield: 

<^o(t)a(t + rj)    = 
8IT2< AN2\ 10*l2i!2       IT/4 _A__ ^ d0 

1 

> 

L exp L^.1  - s:n2^ cos9 

-^   COS0 

1   - s\n2^ cosö 

exp L^Jl   - 8in2^ cos9 

/0   COS0 

£   cos0 Jl  - sin20 cosS o 1   -  sin2^ cosO 

(2  i2) 

The first term is readily integrated again.    If LA/ ^ 1.   the last *wo terms 

make  significant contributions only for 6«IT/2 and 0 If TT/4 .    One may put 

sin20 .. ("■!)' 

and with the subst.t^f.on 

cos* r-L , 

1    -   COS0 2 ,     L   TT 
y    -I+-, 

2 cos9 H: 

(2  23) 

(2  24) 
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the second term in Eq.(2.22) becomes 

w/4 
{       dp 

L exp L-^l  - BinZf coaQ 

/       C08Ä 
o r 

-o /   COS0-;1   -   8.n20 cosQ o ^^c^ie 
S dy 

1 

exp Z\i  - cose) Ly 

-V 

where 

Y = 
ff      COSÖ •   1    . 

H 8(1  - cose) 

When L// »I and 6 «IT/2,   one can put Y 

thus becomes 

- oo with small error 

(2.25) 

(2.26) 

The integral 

h  f     d     o     J _   
A ^1 / I    . / ^o yy   -i o 

K 
ML 

/ 
(2.27) 

where K    is a modified Bessel function of the second kind.    The last term can o 

be treated in a similar fashion. 

1    r00 

rrJ   ** 

exp Ujlir. 
<> 

1        ,.00 po      exp 

/I vy yyy   - i 

s — j.     d,1      dy 

6 ^|e|L   »i 
Q'H^ 

/, 
y7^ 2iel 

f JTL 
r

K /leJL^      /J 

^o (^•e->"0 Uli (2.28) 

L    denotes the modified Struve function.    Combining all of these results,   one 

finds. 
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Q(t)a(t + T)N 
HW^W11 

J ) 

,9 L 
+ K   rJLL 

'-i 

o 

<   - 

e|L 
-1 

A 

-/, 

Ko 

ejL 

A 
(2.29) 

where 0 = GT .    When T s 0;   Eq. (2.29) reduces to Eq. (2. 19). 

The spectrum may be found by taking the cosine transform of 

Eq. (2.29^ 

v.. r oo 
W;f^   : dT   COs2wfT <Q(t)Q(t   +   T)>    . 

CD 
(2.30) 

Upon substituting Eq.(2.29) into Eq.(2.30),   the second term may be integrated 

directly.    The first term may be simplified by using the identity 

I 2    A H) 

iL1-;- K   (x) dx ox   ' ■ K  (z)L   .(z) + K   .(z^L  (z) o -1x   ' - P       o 

The integral to be evaluated can then be written 

ZO        oo       cos u> .u 4° r du L 
L0    Uo u 

2       oo "I 
i - - r K (x) dx 

w' O ■     u 
(2.31) 

where OJ.  = 2tTf^/L0.     Equation (2. 31) may be integrated once by parts to give 

_oo     cos t 4/ IT 00 

0L        o 
dt (2.32) 

u) . U t 

By i hanging the variable in the second integral to y = t/cj.u,   the order 

of integration may be reversed whereupon the remaining integrations may be 

performed directly.     The complete result is 
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Th:s is plotted on Fig. 7. 
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(Z) Fluctua.tions in Angle o! Arrival 

(Z. 33) 

In addition to the phase delay suffered in traversing the troposphere, 

the direct ray will exhibit a random variation in angle of arrival at the receiver. 

This eHect is analogous to the angular scintillations of star images(lZ) and is 

produced by ;,rad:eonts in the index of refraction at right angles to the ray path. 

The equation governing propagation of a ray through a variable medium 

according to Fermat's principle is, 0 3) 

~('fl. t) • ~ •1( : 0 1 

dp -- . 

(Z. 34) 

where f is a unit vector along the ray, J. is the distance along the ray and n is 

the index of refraction. Equation {Z. 34) can be rearranged to read, 

(2. 35) 

To evaluate these operations, introduce the decompositions: 

and t =i" +1 . 0 I (Z. 36) 

where t' is the initial value o! t, b is the mean index o! refraction and is very 
. 0 . . l 0 . 

{12) . 
S. Chandrasekhar, Monthly Notices, Royal Astro. Soc., 11 Z, 475 (1952). 

See also H. W. Liepmann, "Reflection and Diffusion o! a LighTlray Passing 
Through a Boundary Layer," Douglas Aircraft Co., Inc., Rpt SM-14397, May 
16, 1952, for a discussion of a similar phenomenon. 

(l 3>o. Kerr, "Propagation of Short Radio Waves, 11 Rad. Lab. Series, Vol. !l• 
McGraw-Hill, 1951, page 44. 
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,-C'rl.rly equ:1l to un:.t.y, and N 1 i.8 U:e vari11ble part ofyt. • To first order in e ancl 

N I (w1::cb must t,f' very smaD}, Eq. (2. 35) can be written, 

d"'l 
cJJ' 

(2.37) 

·-+ ' 7 
d10 1 d~ deLnPB ;j_ d~.!ferent£t~ 1. ang!e (a_nd direction) of ray displacement. Equation 

(2. 37) g: vcs ih:: . ., -Jng!<> ~n :erm.>~ of the gradient norm;tl to the path; integrating 

over tre wholt- piiP· g)veR tl,e tottll angular deflection. 

Lel t1s rett;rn to the rotating line-of-sight problem. Using cylindrical 

coordinatC''l {w:n~ tbe z-axis normal to the page), the orthogonal components of 

angle d•·viat:.on obrai.ned from Eq. (2.. 37) are: 
- .. 

L ,)N
1 

¢z-= [ d)-
~-~o ,~ z 

- (-. 

¢e - ' 
'--'0 

L 1 ~N 1 
df ·- --

' _f! ~e 

The auto·correlations of these two functions are thus: 

L 

= s djl 
0 

L s diz~l dNI) 
o \.3z 1 az 2_ 

(2. 38) 

(2. 39) 

(2. 40) 

(2. 41) 

Considering Eq. (2. 40) first, we have by differentiating inside the average signs 

in the definition of~. 

*In terms of N umts, N 1 
-6 = 1\N. 10 . 

(2.. 42.) 
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with r.,   giv^n by Eq. (2. 43) below and ^   equal to z,  -  z. .    In cylindrical 

coordinatea    the distance between two general points (1) and (2) is: 

rU ■   'I**!' ^l "l co,(e2 ■ 91> + (z2 - V"1   "* 
.1 

Evaluating Eq.(2.42) in the x, y  plane (z.  = z^ = 0),   one obtains 

(2.43) 

- V 

8 z ? z 
<Yff> i    ^^u) 

2 z.=0 r12 

(2.44) 
dr 12 

Using Eq. (2. 2V and taking 9.   - 0,   we have 

-♦2(t)S(t.T)- _•   Jd^   J  ci/2T 

e\ *l\ - l^z cos(9) 1/2 

^o 

X, ^ ♦-< - 2/^ ^o.e 1/2 
12     ** 1 2 

(2.45) 

The methods used in integrating Eq. (2. 21) may be applied here to yield 

<jJX*JS * »)>■ 'rCN2^.   1Ö12 • -±- |KO^>L_1(K^ ♦ K   1^)Lo(hi)J (2  46) 

with 

^ ■ 
LSIT 

^o 

It will be noted that Eq,(2.46) becomes infinite as T —^    0; which is 

to say,   the mean square deviation of 0    is infinite.    This is simply a conse- 

quence of our choice for the correlation function made m Eq. (..   2).     Unfortu- 

nately,   Eq.(2.2) describes a (Markov) process which has no derivatives      This 

need not disturb one unduly,   since a spectrum can still be found from Eq. (2   46) 

by taking its cosine transform.    The spectrum  W   (f) obtained from the cosine 

t 
ft 

0 

> 
-1 

< 

c/i 
r> n 
n 
♦1    - 
i-     r. 

po   ■ 
o 

3 

t 

*'■ 

r- 
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transform of Eq.(2.46) is 

WJf) - 
lv •   10"12-    AN2 

0 

i  +""1  4 w, 
log (247) 

•, 

with w.  defined as in Eq. (2. 31).    This is plotted in Fig. 8.    This spectrum is 

meaningful,  except as the frequency f —►     oo.     The behavior at large f is such 

that df W 
■ n> 

di W(f) diverges,   yet the density at low frequencies is correct.    Since 

the data arc too crude to   ndfcate a better choice for p{r),   we have tried to 

extract the maximum amount of usable information from Eq.(Z.2).    A different 

choice for p(r) might wel?. give a spectrum whose integral converges,   yet the 

low frequency density would not be more trustworthy than that derived from 

Eq. (2.47).    One might thus be led to a false sense of security in calculating 

the total mean square as a definite number, when,   m fact,   slight variations in 

p(r),   which might fit the data equally well,   could produce large changes :n 

<*> 

The auto-correlation of 0«   and the corresponding spectrum can be 

found by a procedure similar to that above. 

Oe(t^e(t + T) ^   = 2 •   ICT1"'    AN —T2>   _JLK    -kill! 
^o 

and 

we(f) It/  •   10-12<AN2^ 

L.f 
ÖL 

.   2 1/2 

Equation (2. 49) is also plotted in Fig. 8, 

(2.48) 

(2.49) 
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: )    Tor«*1  FreW SUv^.gth 

I ■ 
In the der \*' on        of F.q. (2. 3^ it is assumrd that the volume elements 

»o which   tve tqu^t:on app' es -»re 'arge in linear d.mtns'ons compared to   f   ■ 

When this is true    Oe 8cdtfer;ng from separate vo-ume elements will have 

random phan ng      "He total f.eld .s the sum of t^ese st iMered fields and its 

amplitude will be Rayle:gh distributed.    The direct ray   has random phase but 

constant ampl »udc.     The s'jm of direct and scattered waves is then the  sum of 

a sine wave plus Gauss.an no.se and has the well known form 

p(E| --  g- exp - E    " P       I       SE\ U.SO) 
Q 2Q      J    0      Q  y 

Heir p(E> is the probability density of finding the sum amplitude E betwren E 

and E + dE.  Q .8 tV e total scattered power,  P is the r'.rect wave amplitude, 

and I  (x^  is a mo':: 1 ed B< sse'   function of the f-.rst k;nd      The case P^^ Q 
o 

which Is of interest here    nV'ows Ea. (2. 50) to be reduced to 

p'E) r       A exp .(E - Pr/2Q (2.51) 

This shows that the rece.ved amplitude will be very nearly normally distributed 

1/2 
with mean P and standard deviation Q 

(2)   Phase Angle Probability Densities 

As just stated above     the phases of the scattered waves will be  random 

i.e.,   a is uniformly distributed from  »1 to n.     Th s must be combined with   the 

phase deviation of the direct ray.    From Eq.(2. 17»     the total phase delay is 

-j.  
w   'Rice.   Mathematual Analysis of Random Noise,   BST.',   24.   46(1945) 

Lawson and Uh'enbeck,   Threshold Signals.   Rad     Lab.   Series    24, 
McGraw-Hill (1^50). 
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given as thf sum of the individual phase delays in the turbulence clusters.     The 

sum will be normally distributed by virtue of the   central limit theorenn. 

This theorem predicts a norma' density function over an infinite range for  phatie, 

in the more ufcual case where phase is considered modulo iir,  the resulting 

density function isv 

P(a) ..Li   /.I.   ^-_>) (2   52) 
2TT \2n 2n      / 

where 0, is a tr eta-func». on.    When (<^r   ^')      <<^ 2IT ,   this reduces to the 

normai form 

2 
a 

P(a) = 1        — e    2<0  >    . (2.53) 

v/zn  'aZ> 

The angle of arrival density for the scattered wave !S given by Eq. 

(2, 13).    The ray deviation density will be normal in »wo dimensions (and 

uncorrelated in those two d.mensions). 

D.    Numerical Estimates 

Some estimates have been made for the scattering parameters which 

appear in the foregoing expressions.     Very near the ground, one finds 

AN 2 10,     Microwave refractometer flights       indicate that AN varies between 

1/2 and IN units from several hundred to thirty-thousand feet.    This altitude 

range includes most of the tropospheric region in which refractive fluctuations 

affect propagation.    The correlation length  ^    has a ground level value of 20 

H.  Cramer,   "Mathematical Methods of Statistics, " Princeton University 
Press,   1946. 
(17) 
*     'P.   Levy,   Societe Math,   de France,  Comptes Rendus, p. 32,   1938. 
(18)C.M  Grain and J.R.Gerhardt    Proc.   I.R.E.     40,   50(1952). 
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ftet and ;ncrca9e8 rapidly to an asymptotic value of one or two hundrrH *   < t 

Since twe precise  va'.ucs of  A    and AN vary with both geographic location and 

t.me.   we »hail choose the convenient averacrs    AN ■   l/i and /        100 1« • t ■ o 

We take our   'ine-of-sight transmission path length  L to be   10   000 feet and 

assume an *niennd beamwidth ß of 3        We  shall also take V   ^ 6 cm so ** to 

.later»  validatM UM Rayle.gh approximation and a\o.d the attenuation problems 

characteristic of shorter wavelengths. 

Contr .hut.ons to the RMS phase error arise trom both the s« att» rrd 

and djrec* wave.    Subst tuting the above parameters .nto Eq. (Z   1 1) and  F.q 

{Z. i9i     we f,^d 

< Q2    ^>     =2.5       i0'3 radians2  . sc 

Qj ky   «O.l •   ID"1 radians2 (2   S4) 

and 

d.r ect/ 

Scintillation o^ the direct wave is evidently the dominant effect here      Th.s 

error   represents one-tenth of a  cycle at 5. 000 Mcs     thereby posing   i  ^ n   Ll • 

problem for   systems  requiring high pnase   stability over the transmission path 

The  spectrum of such phase fluctuations  is of  considerable interest 

also.     S:nce the characteristic turbulent self-motions  (and hence doppler 

shifts) are known on'y in t»'rms of the qualitative picture of eddy degeneration 

(Refs.    '3) ard (4P    we have  computed spectra for a moving line-i>f-sight       W« 

have just considered a rotating path,   the spectrum of which is given in P.JJIT«- 

7.    A measure of spectra' w.dth is given by Ivi Ji  / L8 =■  1.     If one assumes that 

the line-of-sight is rotating  so as to track an aircraft flying  1.000 fps at an 

altitude of 10,000 fett (overhead)     6  is approximatelv 0   1 radians/sec       Using 
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thi» with Ue parameters above,   the effective width is  1. 59 cp«. 

A somewhat different model :s obtained by anticipating the result of 

Part IV wh.cK gives the spectrum for a line-of-sight moving parallel to itseli 

through a stationary turbulence configuration with speed v. ♦ 

8ir3/AN
2    S   10-12jf2L 

W{f) = 

V2v ^Tfi 
1  + 

3/2 
(2.55) 

One may ident fy v with a local wind speed,   which blows the (stable) turbulence 

structure through the line-of-sight.    This expression is halved when f = 0. 122 

vl J  .   so that with v = 20 ft/sec and  £   -  100 feet,   an effective (noise) band- o o 

width B  - 0. 02 cps is produced.     Very near the ground,   one has /   =10 feet 

•^ > that 8^0.2 cps. 

The received power is also smeared over a small solid angle   centered 

on the line-of-sight.    Off-axis turbulent clusters scatter energy into the 

antenna according to the angular distribution,   Eq. (2. 13)      This ratio is reduced 

3 
by a factor of four when 6 becomes       r^ — 10      radians,   which represents a 

2n/& 
very narrow pencil of rays indeed. 

We have also investigated the angle-of-arrival fluctuations which the 

direct ray experiences      The exponential correlation,   Eq. (2   2) produces an 

infinite RMS deviation because of its cusp-like behavior at the origin.    In 

general,   the spectrum widths for deviation of the rays is of the same order of 

magnitude as that for the phase variations.    It would be of great interest to 

SJäi W(f) .   <a%rert • 
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repeat the forego.ny  c-^ i : I «t.ors when a be*»er correlation function :s ♦ ^tabhshed 

on phvsica' grounds. 

III.    RAINFALL 

The theory of mull pi'r »runsm ssion through   - • gly scattering media 

developed in Pari .    T:.-,  bv explo 'ed '.o discuss r a .n-produced scint. liri'.on 

errors as a rad-r beim 'r ivtrs» s a prec.potation an t      The drops w 11 be 

dea  ised •■ perfect diclectri«   n{jv er es      The entire si^n-i; perturbation tl 

results fr om i    i»t r,, j -jc .11» r n|   itid no phase ds* .ibince of the d^r« 1 |  A.» v «■ 

?8 considered.    W^m these refultf are (ombint(^ with appropriate meteorologi< 

v <'. data,   thi   theory prt '' < tS both angular  distr::   .• i)ns and phase error 

• 4uency spectra for  »he rece-ved power. 

A.    Stait.c   Mu ♦ p<'v. Et't( ts 

Ou' det   1  \>    on hegi'.«» w.tf- ^n expression :or »he scattering b\ .t 

sing'e d'-ople4,   a^   ]!    str ited   '. Fg.   9     S:nceth«   ri.r.dropsarecons.dered 

tpherice]   O>K  r    -t ded    1   ''>  ratio of ecattered-to« n« de^t power for a 

;    »re of rad us a a.nd d eie. T  «   constant r       Th.s -i lentity has been commuted 

by classical elei troma^rut  (   «'oorv in many places We shall see 

presently that most r.^.rdrop^ ire .'ess than 2 m. "lirrutrr s in diameter,   and 

since we cons.der nriii rowave propagation    one nay pa««8 directly ♦o the 

Rayleigh |  rn I    Zna   ' <<C I 

D. E  Kerr     Frop^uci; on of Short Radio Waves    MI T Rad.   Lab.   Series. 
New York    McGraw-H.J     l_3    445(1951). 

'       J.A.Stratton    Elec rrom^gnet.c  Theorv    New  York     MrGraw-Hill    p.S63 
(1941). 
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S(R) _k 

Sine. 4n2  •  R 2      k +2 

2ffa\ -2.. 2.-. 2.. 
 j       Bin  {f) + cos   (6) cos   (0)     , 

(3. 1) 

representing reradiation by the drop as an electric dipole.     The scattering 

cross section per droplet per unit solid angle is obtained by multiplying this 

ratio by 4nR   ,     To compute the scattering cross section per unit volume, 

which appears in the multipath density Eq. {Z. 8),   one must estimate the number 

of drops per unit volume in each radius interval (da).    Rigby and Marshall have 

fitted the exponential function Eq.(3.2) to meteorological experiments. 

dN 

dadv 
s c •   exp Za drops 

(cm)(cm   ) 
(3.2) 

S inc. 

rrz 

Figure 9 

Scattering of a Plane Wave by a Spherical Drop 

Their normalization constant c is roughly 0. 08 and the "drop scale size 

parameter, " b,   is given in terms of the rainfall rate R (measured in milli 

meters per hour),   by 

'     'E. C. Rigby and J. S. Marshall.   "Modification of Rain with Distance Fallen, " 
Scientific Rpt.   MW-3.   MacDonald Phys.   Lab..   McGill University,   Jan.   1952. 
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0.21 
(cm)  . 

41 

Table 1 correlates R and b w;th fami^ar precipitation intensities. 

(3.3) 

Table 1 

Rainfall Rate Versus Drop Scale Size 

Ra:n Type 

Drizzle 

Light Rain 

Moderate Rain 

Heavy Rain 

Very Heavy Rain 
ii 

M 

H 

n 

n 

n 

0.25 mm/hour                         0.018 cm 

1.00 0.024   ' 

4.00 0.033   ' 

10.00 0.040   ' 

16.00 0.044   ' 

20.00        ' 0.046   ' 

25.00 0.048   ' 

30.00 0.050   ' 

50.00 0.055   ' 

100.00 0.064   ' 

150.00 0.070   • 

Expression (2. 8) for  the static multipath power distribution may now 

be computed by combining Eq.(3. 1) and (3.2) and averaging over all drop sizes. 

^h pro
dace-^/bydr^rdesine   r^d^.a2 l^-il2^^4 

P        ^o Uo I« +2l      V    K Po 

sin   {^) + cos   (6) cos   (0) r (1   - cosS) ']■ (3.4) 

A spherical coordinate system erected on the receiver's pointing direction has 

been used to write out the beam-limited (primed) volume integral (see Figure 

10).    For a narrow beam,   one may disregard the entrance disparities between 
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extreme rays of the multipath reception cone which is tantamount to restricting 

the radial integral by R 1 Sec(Q) <r<R
2 

Sec(IJ). 

Figure 10 

Plane 
Wave 

Coordinates for Seatter ing by Rainfall 

( 1) Phase Delay 

With Eq. (3. 4) and the superposition of Figure 3, one computes the RMS 

phase error in a sinusoidal voltage received at the origin as: 

co 2 
= S dx sin 

0 
( 2;x) 

4 
Q(x) . --

p 
• 0 

3(2rrb\
4 

(13 . f, 2 J ~~ 2 
!!! 9 b . ~ ) . _) 

0 
de s m o LI + cos (e) · e + 

2
l 

(continued on following page) 
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l4rrR 2 J [:thrR 1 J 
<,r. R2 - Rl- sinL-,..- (Sec e - 1) + si~ ~(Sec e - 1) } . 

( 3. 5) 
: cos(8) 4rr/A. 4rr/>.. 

l 
The trigonometric terms may be ignored in comparison with the viewing thick-

ness (R 2 - R 1); and the dielectric constant (e) assumed constant to our 

approximation. 

2 

\~\ e - Z 
(3. 6) 

cf denotes a beam shape factor 1 

~ (A) : { p d 8 S in ( 8) [l 2 ( 9 )....,J d tJ ..J- + COS 1 

0 cos (9) 

for (3. 7) 

Our r£>su1t indicates that <a
2> varies about as the seven-tenths power of the 

rainfall rate and directly with the square root of the tot.'l1 number of participating 

droplets. This lattPr dependence is characteristic: of incoherent scattering 

pro ce sse s and might have been anticipated from the original assumptions. To 

provide numerical estimates for Eq. (3. 6), we note that the dielectric constant 

of water varies from e = 7 8. 5 - i 12. 3 at A. = 10 em to 34. 2 - i 35. 9 at X. = 1. 24 

ern for t = 18°C. { 1 CJ) The ·corresponding values of 1: ~ i 12 
range from 0. 9286 

to !- . 9206, and we sh.a ll choose the average value 0. 925. In Figure 11, we plot 

<a 2> I ;J · (R
2 

- R 
1

) for various wavelengths (X.) and rainfall rates (R). From 

those curves we read for A. = 6 em and R = 100 mm/hour (i.e., a very heavy 

rain), 

{19)o.E. K err, op. cit., page 610. ~-
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R .!!!!!! 
hour 

Figure 11 

RMS Phase Error for Scattering by Rainfall 

100 
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/ 2 ' 
(l ', .:.!: 4. 5 (3. 8) 

A r·fpical antenna ber~m f3 = 4° and rainstorm, R
2

- R
1 

= 1000 meters predicts, 

aRMS~ 1. 75 · 10-
2 

radians. (3. Sa} 

Th:.;; error ~san order of magnitude larger than the scattering effect of static 

tropospheric turbulence derived in Part II. The sensitivity of Eq. (3. 6} to 

iR 2 - R 1) and tht" rainfall rate (R) encourage one to estimate local meteorologi-

ca] roncli ti ons with some c::1 t'f' before attempting precision _measurements. 

( 2; An~ular D!.str ibution 

An angular distribution of power about the receiving antenna's pointing 

dirr ction :s predicted by the foregoing theory. If one integrates expression 

('L -'\ ovC'r aJ1 path differences (x), the total scattered power becomes: 

2,. 1~2 J dtp 4na 2 le - 1 
o e + Z 

21ra . 2 2 2 
4 l J • ( --:;-) ~ln (cp) + cos (9} cos (tp) • ( 3. 9} 

Trw angular dependence of this scattered power is recognized as the integrand 

of t.h: cos\8) integration. 

1 

p 
0 

dP 
s 

d (case) 

4 2 '6\! 2- b 3 
= _,.--='·_'_' c ( _:_) 

2 \ 

2 

[
1 +cos (6)] 

cos(e) 
(3.10) 

The angle-dependent factor is plotted in Figure 12, where a relatively flat 

distribution for small beamwidths is exhibited. Increasing values of this 

fun::tion for large e are dut"' to the inclusion of an ever-increasing number of 
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scattcrers — the number going to infinity as near horizontal viewing is included. 

A realistic consideration of attenuation effects rectifies this problem. We shall 

continue to use the natural cut-off of narrow beam antennae. 

Figure  12 

Angular Distribution of Rainlall-Scattered Power 

B.    Scintillation Spectra 

In the foregoing we derived an expression for the RMS value of the 

multipath phase error.    Of equal importance is the frequency spectrum of the 

phase scintillations.     The a lomolous signal is compounded from the scatterings 

by thousands of raindrops »n the beam.     Time variations of the phase error 

may be regarded as the composition cf Doppler frequency shifts from the 

individual droplets moving relative to one another in changing order.    We may 

anticipate the magnitude of these frequencies from the Doppler relation: 
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Li - u/c f    .    For   relative drop speeds of one meter per second and f    ■  5000 

mcs,   -M -   16 cps and such a scintillation :s evidently of some importance in 

precision measurennents. 

We first resolve all drop velocities along the pointing (z) direction of 

the antenna    as  shown in Figure  12.     If the incident plane wave meets a drop 

at dv with speed u    the drop's motion away from the incident wave lowers the 

incident frequency (seen by the moving drop) by an amount u/c f   •    The drop 

reradiates thiu shifted frequency at an angle 0 to the incident beam thereby 

causing an increase f    u/c cos{6).     The net frequency change during the 

scattering process is ^f = f    •   u/c      (1   - cosS).     We shall construct a joint 

path difference-frequency power  spectrum for the multipath signal scattered by 

the volume element dv at (r.e.0) moving with speed u parallel to the incident 

hi-am.     By using the analytical device introduced in Eq. (Z. 6) of Part II,   one 

may show that the ratio of the scattered-to-incident power with path difference 

between x and x •♦■ dx and signal frequency between f and f + df is given by 

91SL9.  J*   da N:a)   J* du P^a)^   ^|  <y.(a.r.e) ||s - r(l   -  cosO) 
Po 

L 

■ h\i - i   - i  - (i - cose)   . o        o c J \l. Ill 
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Figure 1 3 

Drop Velocity Resolution for Doppler Shift Analysis 

A prime on the volume integration restricts that process to the radar beam. 

P(ua) denotes the conuitional probability distribution for a velocity component 

u parallel to the aMe-m.a axis for drops with radius a.     We do not know this 

density a priori,   and its determination is the central problem of this section. 

We shall see presently how one may infer P(ua)   rom other propagation 

experiments — notably,   backscattered (echo) fluctuations from rainfall. 

The integrations of Eq. (Z. 54) may be performed with relative ease 

if one assumes P(ua) to be independent of drop size (a).    Such an assumption 

is probably warranted if the relative drop motion is due to local gusts and 

turbulent conditions in the rainfall area. ♦   In a C. W.   phase comparison system, 

the scintillation frequencies are given by excursions from the carrier frequency 

It is also possible to obtain a Ooppler shift from the differential speeds with 
which drops of different sizes fall.     This effect can be calculated from Stoke's 
law for the fall of spheres in a viscous medium.     We shall return to thi^ ca ie 
later for comparison. 
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f   .   so that the frequency spectrum is a function of v= f - f   .    Inserting the o n r o B 

appropr.ate forms for N(a) and <T from Eq. (3. 2) and Eq. (3. 1) respectively,   one 

finds. 

Po 

=   J^ du P(u)   J0 da c e^a/D   pdö sin(e)j"      dr J'   d* 
Rl 

< 4Tra 
2 |e - 1 

L « + 2 
(sin2(0) + cos2(^) cos2(e))> 

[■ 

2TTa \ 

u 6|x ■■ r(l   • cosO)        6   L/- I   - (1 - cos(e) (3.12) 

(1)   Phase Delay 

If one uses this expression to compute the phase error,   the frequency 

dpectra for a    emerges without further effort. 

<o2(v)>=  J^dx sin2 (i^j Q(x.v) 

P o 

= -(R2 - R.) 
2     a        1 

g(M-L   /de    8in(e) 

f    ^o      i - cos(e) 
1  + c os2(e)] 

• P c . -o 
fo(l   - cos(O) 

(3. 13) 

The frequency dependence of the forward scattering is apparent from Eq. (3. 1 3) 

Since the velocity distribution's argument c/f (1   - cosö)      is large for the small 

values of (1   - cos0) inherent in a narrow beam,   the net effect is to relegate 

most of the scintillation power to small frequencies.    g(X. ) denotes a wave 

length-dependent term arising from the drop radius averaged cross section 
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) CD 'Z*/h, A     Z       |« - 1 
g{\)-- f   da(ct^

a/D)4Tra6 

€ + 2 (f)* 
= Ü. 08 4TTb 

I '-?) '   ' ■ l,Z .   (6)1 

e + 21 27 

_ib3 

(T-b)4- (3.14) 

We assume « -  1; 

« + 2 
* 0. 925,   as before,   and b is given in terms of the rainfall 

rate R by Eq. (3. 3). 

To determine the function  P(z),   we shall first exploit experimental 

data on spectral analysis of precipitation echoes. 

Figure  14 

Echo Process for Moving Drops 
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Figure  14 ex.1 .bits ite backscaiter:ng process for d moving drop.    A plane wave 

sent out by tKe antenna   0 rad.ans off-axis enjoys a frequency sh.ft u/c cosS . 

both on reception and rerad *t.on.     The appropriate variation of Eq   (3   11) for 

the backscatter ed ampl.'jdes »s 

R(x.V) .      r^j. KT/..>    /T*- o/J^   C   dv 

P 
o 

J^daNu; J^duP'ulalj    ^ ^ Sc   (a) 

x  - r (i   - cosG» 1.6    i   - 2f0 ^cosO (3.15) 

An amplitude scint lljtion spectrum may be deduced from this form by   nte- 

grating over (x; and substituting the appropriate b^c kscattenrg cross section 

from Eq. (3. ;   . 

■ •      \ *IJIJ 
2 ie -  1             Zwa       r    j     r-n   \ •       1      )      du   P(u) 

V   \   /      o e + 2 

ß R 2TT oo 
r do s n^O)^    dr J0  d0    C dx 6 ix 

^o R . o o L 
r(l   - cosO) 

^ - 2f 2 cosiG)! 

= Pg(K)Tr(R      R.) ~   r de Un(e)   P 
0 * *   I    M8 

C    7 

2f    cos(e) -   o x   ' 

The spectrum normalized to unity at i^   = 0 is simply, 

ß 
Pde tan(e; P 

Giv, 

C     7 

j.iQ cos;e) 

P(o)   ^n,cos(ß) 

(3.16) 

(3   16) 

The small ( <4   ) values assumed for ß permit one to replace cose by unity in 

Eq. (2. 61) and thus extract Pz   from with in the integrand. 
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"C ■ 

Z{ -    o- 

foj Gl, (3.17) 

This important relation permits one to infer the velocity distribution of rain- 

drops from the experimental* e   ho fluctuation spectra G{t ).    In Figure  15 we 

(19) reproduce the measurements of Goldstein and others for K  = 9. 2 cm,  as 

measured on three occasions.     These cu: ves give just the normalized (Doppler) 

frequency power density of the backscattered amplitudes,  G(v/). 

10 

40 80 200       240       280 120        160 
* IN CPS 

Figure 15 

Power Frequency Spectrum of the Fluctuations of 
Precipitation Echo on 9. Z cm as Measured on Three Occasions 

Note that Eq.(3. 17) is independent of the beamwidth (ß) used in these 
experiments. 

D.   E.   Kerr,  op.   cit.,   page 576. 
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Our integral expression (3. 13) for the phas> error may now be combined w^th 

£q«. (3. 16 , and (3. 17) to yield 

ß 
a  fc) ^   = - (R2 -  R|>g|A ) • — P(o)    f  

Z f ^o     i   - cos 

dB sin(Q) 

(6) 

E 1  ♦ cos   (0) 
r  2 /- 
j_l  - cos (•) 

(3.18) 

The remaining integration has been performed numerically  using the values for 

G(//) given by Figure  15.     In Figure  16.   we plot the normalized* spectrum for 

several beamwidths (ß).     These curves emphasize the concentration of power at 

low frequencies. 

One may also compute a phase angle spectrum by    -»ns   .ering the 

detailed motion of individual drops      Imagine an ensemble   )f drops falling 

through stagnant a:r under gravity.     The viscous drag force predicts greater 

fall speeds for heavy drops than for light ones      Extremely small spheres 

(a ^   0   008 cm) obey Stoke's law for  steady state terminal velocity. ♦♦ 

i   8 
v     = -   g a 

3 
^-1 

1 

Very large drops are relatively unstable and tend to break up into smaller ones 

during long descents.     The  intermediate region is of some interest for this 

study,   in view of the drop scale sizes listed in Table I.    Fortunately enough, 

oo 2, Normalized so that     C d»   ^ a   (»^^s 1. 

**, 
CD   denotes the drag coefficient,   p     the air density,   p     the drop density, a is 

the drop radius and g the acceleration of gravity. 
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'22' 
Gunn and Kinzer' have measured the terminal velocities of drops with d.amr 

ters in the range 0. 01 " D     0. 68 cm      Their results may be summarized by an 

approximate formula, 

.   -- KM - /ia 

1 

'3   19) 

with K =   1020 msec and A ~ 5.04 cm *.     The corditional probab.hty density 

P(ula) for  the distribution of velocities with fixed radius (a) may be given 

explicit form in terms of Eq. \2. 19). 

Puia) = 6   u    - 1^       v(a)       . (3.20) 

If t) e angle between tVe local vertical (i.e., k ) and the antenna's pointing 

direction is denoted by "y. then u = v cos(\). Equations (3.13). (3.19), and 

(3  20) may then be combined to give the phase angle spectrum: 

oo oo oo 
aZ{^^  =  J^dx 8:n2(—)j^daN(a) J~ du 6 u sec(v) - v(a) I 

ß R, 2TT 

•     r   dö s n^   r    dr    T   dÄcT(e,0.a^6 Jo ^R l H> 
x  - r(l   -  cosO) 

[- f   - (1 - cos 
o c ' .,] 

J. 4IT2(0.OH)(R;>   - R.) — 
I 1   £ 

o 

IC   -   1 

e + 2 
J 

00 ? 
da a 

4 -(2a/b) 
2 ta \ e (f) v(a) 

(2Z^R  Gunn and G  D   Kinzer    Jour,   of Meteorology.   6,  243(1949).   Their ex- 
periments were performed under 760 mm pressure,   with a temperature of 
20oC and relative humidity of  50 per cent. 

- 46  - 



The tcintillation frequency {%>) persists jn the (drop-size) integration condition 

v(a)> c v> 8ec(Y) 

fo      1  - cos(ß) 
(3.23) 

If the curve-fitted function (3. 19) is inserted,   the (origin-normalized) phase 

spectrum becomes; 

r(v)« 

öD        6    -(Za/b) 
fda 1-f  

r    i.e-4* 

S 
Qo        6   -(2a/b) 

(3.24) 

da 
a   e 

1  - e-  ^ a 

with 

A 
i .JÄL 

Kf 

*gc(Y) 

(1    -   C08ß[ 
(3.24) 

It is clear from this form that all frequencies greater than 

x> = —  f    CO«(Y)(1   - cosß) max o w ^ c 

are eliminated in Eq  (3. 24).     We may estimate this cut-off by assuming: 

f    = 5000 mcs.   cosv =0.4.   ß = 4°.   K =   10    m/sec.   so that is =16 cps. o ' max r 

The quotient (3.24) wa»  computed numerically for moderately heavy rain, 

R = 4 mm/hour and is displayed in Figure 17 for the range 0.01<V<-   16 cps. 

Rather less realism may be associated with this model than the 

radar-precipitation echo approach.    This statement is based on the common 

experience that heavy rainstorms are fraught with turbulent gusts,   each 

probably sufficient to dominate the laboratory result (4. 19).    It would be very 

valuable,  however,  to perform a controlled experiment measuring line-of-sight 
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and echo scintillations simultaneously within the same rainstorm.    Such a test 

could criticize the result (3. 16 ) and perhaps give information on the mixture of 

turbulent and free-fall drop motion within rainstorms. 

C.    Ray Bendmtz :n Rainstu rma 

In addition to scattering off-axis energy into the antenna,  a rainstorm 

will «tct as a prism and bend rays passing completely through it.    If the drop 

sizes are small compared with the wavelength of the incident radiation,   the 

equivalent :ndex of retraction for a collection of perfect dielectric spheres 

1.1 »i is: 

ft   ■ 1 * 2iTa3N . (3.25) 

Here a is the sphere radius and N the number of spheres per unit volume.    One 

may use Eq.(3.2) to average this expression over all drop sizes. 

^y    ~ 1 « 0.2b4 (3.26) 

For a heavy rain     R =  10 mm/hour  ,   b = 0. 04 and 

< ^-1 +- •   lO-6 . (3.27) 

The bending at entrance and exit of a ray  passing through such a region can be 

computed with standard techniques. 

When the drop spacing is small compared with the wavelength,   one must 

exploit a detailed picture of the scattering processes.    H.C.   Corben has 

performed such an analysis and concludes that the essential factors in Eq.(3.25) 

are preserved.    He finds that multiple  scattering may be disregarded for most 

applications. 

T2TJ  Private communication,  August,   1954. 
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IV      CLOUDS 

Index of refraction data for  clouds are notably sparsp.     From meteor- 

log.cal measurt ment» and aircraft gust load experience      However,   it is known 

that the interiors of cloud formations are very turbulent and contain relatively 

large index fluctuations      Extensive circulation and mixing is known to take 

place with n clouds    .n addition to over-all movement and structural rearrange- 

rnents. Both directional and turbulent currents of very dense water 

vapor  suggest a "tighter" correlation than that found in free air.    Records of 

refractometer flights through clouds substantiate this,  and indicate that 

the scale of turbulence is probably of the order  10 to 20 feet.    These  same 

records suggest that RMS excursions of the index of refraction may be as large 

as  10 or 20 N units.    Such results characterize a turbulent medium far more 

active and influential for microwave frequencies than was considered in Part 

II.     We shall therefore undertake a separate determination of propagation 

through   cloud structures. 

VR]  J.  S.   Malkus and C.   Ronne,   Wood't Hole Oceanographic Institution,  Ref. 
No.   54-18.   March.   1954. 

'     'j.   S.   Malkus and R.  S.   Scorer.   Wood's Hole Oceanographic   Institution.   Ref 
No.   54-5.   Tanuaiy    1954. 
{Zb)C.   M.   Cra.n.  A    P.   Deam,   andJ.   R.  Gerhardt    Proc.   I.R.E..   4L   253 
(1953). 

G    Birnbaum and H.   Bussey. Journal of Research.   51.   171  (1953). 
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A.    Cloud Scatter ng 

We may estimate the effect of (uniform) turbulence scattering in a 

cloud layer* of thickness L with the results developed in Part II.    Consider a 

cloud at mean d.stance R from the receiver as shown in Figure 18.    Expressioi 

(2. 11) yields 

\> J.  J^ dx sm    ( — j J"*       drf» de sin(e)J       d0(T(e.^) 
o \   X.  /     R o o 

•  6 iX - r '1  - cosO)] , 

[.      sin u 
i 

.X.ÄÜ    ^   1U J      cu    - (4.1) 

1  « u 

with 

U = ±^  ri - cosß 

o      *~ : 

We shall return to a numerical evaluation of this expression for the relevant 

cloud turbulence parameters in Part C. 

B.    Direct Wave in Clouds 

(1)   Phase Variation 

We  shall exploit the general method of Section II B to calculate the 

phase shii     n the direct ray due to turbulence within a cloud.    It will be 

assumed that the turbulence pattern within the cloud is stationary with respect 

Layer  scattering has also been considered in connection with beyond-lme-of 

igh 
(28), 

(29) (29) 
sight propagation and the  scintillation of galactic  radio waves. 

W.   E.  Gordon.   Proc.  Conference on Radio Meteorology,   Univ.   of Texas, 
November     1953. 
(29)E.C.S.   Megaw,   Nature.   166.   1100. 
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Figure  18 

Scattering by Cloud Layer 

Figure  19 

Gt-ometry for Line-of-Sight Moving 
Parallel to Itself 

hi 



to the cloud.     The line-of-sight sweep» through this pattern,   either because of 

the cloud's over all motion or due to an actual translation of the propagafon 

path.    The initial line-of-s:ght is denoted by  ('. ,  and f seconds later by f^. 

The  space interval between the two points   f. and r«  is d = VT where v is the 

velocity of the cloud and/or path   (see Figure  19). 

The autocorrelation of the phase shift is computed as in Eq   (Z.20), 

with the correlation (space) interval defined by: 

r12 - /(/,-  7/7&? (4.2) 

Therefore: 

.   2 in-12^ .„Zx.        L L /(Y,  - JA* « (VT)2 

<a(t)c(t>r)^=
4ff   I0      S^B  -J    Cd/.J   dy.expL^li ! iZL 

X2 oo" . 

Hzirl*<&it> > C  dx(L - x) exp /x2   ♦   (VT)2 

Z                  x The change of variable y    =  I + r—   gives 
(VT)2 

^o 

(4   3) 

< Q(t)o(t ♦ T) 
8Tr210-l2<AN2>^   ^IrlLx       J/UL2/(VT) 

IV 
dy 

/ y   - i 

exp hh 
l o 

V|T -K 
ä 

dy v exp ' Liz l» 
L   L 

(4.4) 
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If L>l£  yy 1,   the upper limit mav be relaxed to infinity with small error and 

the second term neglected in comparison with the first.    The integration may 

then be performed analytically. 

r    10'     <CAN >/             -   L 
J a(t)a(t ♦ T)>ar ■ 2   (  j KY     y (4   5) 

'o o 

where K.  is the modified Bessel function of the second kind.    One may verify 

that this expression reduces to Eq. (2. 19) when T = 0.     The cosine transform of 

Eq. (4. 5) yields the power spectrum 

W(f) =  5 (   - )  , (4. 6) 

X2 V   v  /   /       4.2f2 / ^ 

which is plotted in Figure 20. 

(2)   Angular Deviations 

A ray passing through a turbulent cloud is perturbed in two ways in 

that it;   (1) is bent on entering and again on leaving,  and   (2) suffers a ran .mi 

deviation of its direction of propagation due to the cumulative effect of the 

turbulence within the cloud.    These two effects will cause the apparent source 

seen through the cloud to wander about;   much as a source of (visual) light 

viewed through an inhomogeneous window pane apparently changes position as 

the line of sight traverses it. 

Figure 21 pictures an idealized sharp boundary for a typical cloud. 

The angle of incidence 0. and refraction 0    are measured with respect to the 

cloud's local normal to the boundary.    Snell's law relates these angles. 
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CLEAR   AIR 

m$m^mm 

Figure 21 

Geometry at Cloud Boundary 
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n. »InG. = n    «ind (4. 7) i i        o o 

Since the effect of diffuse boundaries is quite small,   one may put 

•o-V   ► <4-8) 

where If  is the (small) deviation produced at the boundary,  and 

n    = n. +   AN 10'6 (4.9) 

Since   AN cf 10.   we may expand Eq. (4. 7) to the first order in AN and If'. 

p =   AN10"6 tanG. ? AN10"6e.  . (4.10) 

Here we have recognizeci that n. is very nearly unity.    If we assume that the 

cloud moves through the (stationary) line-of-sight with velocity v,  the auto- 

correlation function for  y is 

<^(t)^(t+T)>    =<AN(t)AN(t + T)> 10"12
<^0i(t)ei(t + T)>   . (4   11) 

= <N2>10-12p(T/T)<ef>R(vT) . (2.12) 

where p(r) is given by Eq. (2.2) and R(r) is the normalized autocorrelation of 

the angle of incidence 9. . 

We know very little about the detailed appearance of cloud boundaries 

(i.e.,   9 ) so that we assume for convenience that R(r) = p(r).    We shall show 

later that this choice has little significance in considering the total deflection 

caused by the cloud since the interior dominates over the boundaries.    The 

spectrum for "^  due to the fluctuating boundary is thus: 

io'12v ANV) A , 
W(f) =  i i ?  !     . (4.13) 

2^2,2x2 
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The deviation produced by turbulence within the cloud must be added 

to Eq. (4. 13).    We choose the situation shown in Figure  19 and th ? rectangular 

coordinates oriented with the z-axis along the initial line-of-sight and the 

x-axis along the direction of cloud motion.    The ray deviations are 

^o ox 

1 

and 

0 fd. 
c»N 

(4. 14» 

(4. '5) 

so that the corresponding aul ^correlations become 

L L 9N 

J 
o 

<#Jt(t)f1|(t4T)>.   S^lS^Z 1 

and 

f y(t)f y(t ♦ T) > - S^iS^z^ 
^N, 

^r^wry 

»N, 

>   • 

3N, 
>   • 

(4. 16) 

(4   17) 

Using Eq.(2.42) and the rectangular representation for the interval r.. 

zz   -   ijl r12 = vi*z - «il   + (Yz - Vj)    + (: 

one can average the gradients ;n Eq. (4.16) and Eq. (4. 17) as, 

(4.18) 

< 

m 
•u 

dN, 

i   du   V 

K   . .<Nf 
r-    2 

-JL   lI-_ d2p dpN 1 
         ■¥   

r12      dr12 r12   dr12 r12 

dp"] 

drlJ 
(4   19) 

where u = x or y,  and -r    = x^  - x.  or y,  - y.  respectively.    We shall actually 

compute Eq. (4. 19) for x^ - x.   = VT.   Y? = VI  = ^  an^ with expression (2   2) for 

P(r). 
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<fx(t)#x(t+T)> = 
<Nfy      L L r 
^_ 

J"dzl J"dz2 
(VT)' 

(VT)2   +  (Zz   -   Zj)2 

-r exp (- -j s/t^r+ («2 - « 
c   o 

/) 

exp ^/(VT)2   »^   -   X,)^ 

exp (•;M VT)      «  («2   -   Zj)        1 

/ fvT)2   ♦   {ZZ   -   Zj)2 

). (4.20) 

The integration technique« of Section II B may be applied here to yield: 

^ Mt (t + r». 1 .  ir"  _--  A^>   L r
K  /vNT . ik       / ^T 

o   -^ 

The cosine transform of this expression gives the spectrum as: 

**# 

W(f) 2wlO'12vAN2v>L 

4^2f2^2 

(4.21) 

(4.22) 

which is plotted in Figure 22. 

Using the same procedures,   one obtains from Eq. (4. 17> 
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<. ,t)V. * T,> = i-l£li^!^ Ko (lllb     , ,4.23, 

the spectrum of which is also plotted in Figure 22. 

Wtfi. ^IQ"1VAN2>L !  (4i24) 

1 f 

2   2,2 \ 1/2 4n   /-f 

v^ 

The remarks made in Part II B concerning the divergence of integrals over 

these spectra apply here also. 

Note that the coefficients of Equations(4. 1 3).   (4.22).   and (4   24) all 

contain factors which are of the same order of magnitude except that Eq.(4. 13) 

involves J?   while the others have the factor L.    We have consistently assumed o ' 

that L ^-^   so that it is primarily the interior of the  cloud and not the refraction 

at the boundaries which contributes to the deflection of the ray. 

C.     Numerical Estimates 

Cloud parameters are conspicuous by their absence in the experimental 

;ve 

1/2 

literature.    To illustrate the foregoing results however we shall assume   jf    - 

<AN2> =  10.    The mean square 

o 

20 feet.   L =  5000 feet.   \   = 0.2 feet,  and 

phase de. iation due to scattering is obtained from Figure 4.   with ß = 4 

<Q2   ^ =  10'3 rad2 . (4.25) ^   sc 

The corresponding direct wave result from Eq. (2. 19) is 

<Q2 fc>  ■ 10'2 rad2 . (4.26) V   direct^ 

Clouds thus constitute an important source of phase deviation for any propagation 

process. 
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Half power bandwidths for the spectra can be calculated as before. 

Two different physical situations present themselves.    One can imagine the 

line-of-sigM movmg through a cloud because of the tracking of a fast moving 

target.    In this case a velocity of 500 fps is quite reasonable.     With the above 

assumptions this yields a bandwidth of about 3 cps.    On the other hand    if we 

consider a stationary iine-of-sight with a cloud drifting through at v = 20 fps. 

one obtains a bandwidth of about 0. 12 cps.    The preceding estimates apply to 

phase deviations only.    Bandwidths for the angular deviation will be comparable. 
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